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V. Vapnik, A. Chervonenkis - (Generalised Portrait Method 1964, V. Vapnik, A. Chervonenk!s.— (Generalised Portrait Method 1964,
Theory of Pattern Recognition, Nauka, Moscow, 1974) Theory of Pattern Recognition, Nauka, Moscow, 1974)
widely accepted 1990s - kernel trick & successful text classification

g(X)=WTX+b Uria oria
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V. Vapnik, A. Chervonenkis - (Generalised Portrait Method 1964,
Theory of Pattern Recognition, Nauka, Moscow, 1974)

SVM idea (the bias variance tradeoff, capacity control, overfitting)
@ optimal balance between accuracy on a given trainee set and
the ability of a system to learn any trainee set without error

@ feature vector mapping to a high dimensional space where the
best separating hyperplane (maximal margin hyperplane) is
constructing
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@ class separation - hyperplanes
@ hyperplanes placed to maximize distance to the class closest

element
@ aims to reduce the risk of overfitting
Ideal ft Least-squares HBF 1
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SVMs aim to reduce the risk of overfitting
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SVMs aim to reduce the risk of overfitting

SVMs aim to learn class boundaries of the hidden
underlying population rather than training set
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SVMs aim to reduce the risk of overfitting

SVMs aim to learn class boundaries of the hidden
underlying population rather than training set

boundaries boundaries
SVMs generalize well on unseen data (no theoretical
proof)
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SVMs aim to reduce the risk of overfitting SVMs aim to reduce the risk of overfitting
SVMs aim to learn class boundaries of the hidden SVMs aim to learn class boundaries of the hidden
underlying population rather than training set underlying population rather than training set
boundaries boundaries
SVMs generalize well on unseen data (no theoretical SVMs generalize well on unseen data (no theoretical
proof) proof)
& SVMs designed for 2 classes, direct extension to & SVMs designed for 2 classes, direct extension to
multiclass classification is not attractive due to the multiclass classification is not attractive due to the
complexity of the associated optimization task complexity of the associated optimization task
& SVMs learning time proportional to the size of
training set
© Haindl MI-ROZ - 12 4/17 © Haindl MI-ROZ - 12 4/17




SVM SVMd SVMc mSVM nSVM

SVMs aim to reduce the risk of overfitting

SVMs aim to learn class boundaries of the hidden
underlying population rather than training set
boundaries

SVMs generalize well on unseen data (no theoretical
proof)

© SVMs designed for 2 classes, direct extension to
multiclass classification is not attractive due to the
complexity of the associated optimization task

& SVMs learning time proportional to the size of

SVM SVMd SVMc mSVM nSVM

w1 = 1 Wy = —1 . .
decision function: g(X) = (W, X)+ b

assign X into wj iff:

training set
© large memory required to store the kernel matrix, . .
directly proportional to the size of training set 12 (oTia)
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wi(WTX;+b)>0 Vi correctly classified features
margin c - points required at distance > W from the hyperplane
~ - (WTX L F - (W Ty -
wi (WTX;+b)>0 Vi correctly classified features wi (WTXi+b) 2 c Vi - wi (WTXi +b) 21 Vi
i=1,...,n n number of training patterns X; canonical hyperplanes
Hi: WIX;+b=1 Hy: WIX;+b=—-1
points on H; support vectors,
|—V1V| margin (distance between H; and g(X) =0
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Ol : WX 4 b= NE0N\G>0 & g¢X) = W'Y+ b=0
% § 4 s 1 \ gxX)y=w 1_)( + b : : ® SV
: i ©SvV ___ support vectors - the most informative points in the data set, other __,
(i) points do not effect the separating hyperplane solution Liif)
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Maximize the margins (= min |W/| subject to the constraints C;):
- . : ) : 1
Maximize the margins (= min |W/| subject to the constraints C;): min J(W) = min {EWTW}
1 Jc . T y. 3
min J(W) = min{EWTW} G el ) = 1 1= dyoeestt
Ci: wi(WiX;+b) > 1 i=1 n 1 u
’ (WX +5) o Lp:—WTW—Z)\;<w;(WTX,-+b)—1>
2 i=1
1 n
Lp=SWTW = 3" (wi (WTX; +b) - 1) oL, d B
2 1 a_W = W—%A,W,X,—O
v L,=0 .
W.,b,A1,....An Ep W — Z )\,w, XI
i=1
——e 0Lp 4 ——e
(OTiA) b - Z Aiwi =0 (OTiA|
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Lagrangian (dual form):

SVM SVMd SVMc mSVM nSVM

© Maximize Lp with respect to the \; subject to

n
N >0 Z Ajw; =0
=l

n 1 n n
— . Moo XX i
I = E A — 5 E g Aidjwiw; X;" X; subject to
i=1 i=1 j=1
J @ b from
n
)\,’ Z 0 § )\le — O ] A,‘ ((JJ,‘ (WT_IX,‘ + b) — 1) (=0 Karush-Kuhn-Tucker complementarity condition)
e ] ngvb + W ZiESV X,‘ = ZiESV Wi (average over all support vectors SV)
(8 ) W = ZIESV )\,-w,- X,'
since A; = 0 for non support vectors
)\i > 0 lf XI € {SV} >\I = lf XI ¢ {SV} Karush-Kuhn-Tucker conditions are necessary and sufficient for the optimal solution (non-linear programming &
convex problem).
——e ——e
(OTiA] (OTiA]
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O J(W)=3IWTW strict convex (Hessian matrix PD)

@ inequality constraints linear

(oTiA]

© Haindl MI-ROZ - 12 6/17

O JW)=3iWTW strict convex (Hessian matrix PD)
@ inequality constraints linear

= local minimum = global minimum & unique = unique classifier

(oTiA]
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assign X into wy iff:
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assign X into wy iff:

1
W'X+b>0 Do AwXTX+— ) wi- >0 AwiXl X >0
S SV . SV :
ieESY ieESY €SV jESY
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———— — ———
.tl
transformation into high-dimensional feature space
(X)) — but over-fitting
ol
X,
e wi(WTX;+b)>1 vectors outside the band &
correctly classified
— e+ 0L w,-(WTX,- + b) < 1 vectors inside the band &
3 — correctly classified —
® @ wi(WTX; 4+ b) < 0 vectors misclassified
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constrains relaxing &, > 0

WTX;+b
WX+ b

+1-¢;

>
< 14

min J(W, b, &) = min {%WTW+T > 1,-} subject to 1

SVM SVMd SVMc mSVM nSVM

1 n
Lp = EWTW+TZ &= A (wi (WTX; +b) - 1+£/> = ri&
S =

i

Ai, ri Lagrange multipliers, r; ensures &; (slack variable) positivity,
T free regularization parameter

7 small allows constraints to be easily ignored — large margin

e+ (=0 7 large constraints can be hardly ignored — narrow margin
i i < . .
L) IR £ |1 68 (Fessialte oF U<Esl 7 = oo enforces all constraints — hard margin
@ min number of points with £ > 0 O E>1
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A Karush-Kuhn-Tucker conditions:
; W
‘.\\'A ¢ Wix +b=41 4 3Lp n
N g o = W—;)\;w;X,-:O
e oL 2
\ RO 8_15 = Z: Aiw; =0
SLIN IL -
oW\ e "2 = T-A-h=0
> T OgGi
. \ 0 = X (w(WTXi+b)-1+¢)
e NS 0 = n&  N20 520  §20 Vi
— \ n n n
W) 1
" _ 1 . LD = Z)\,’—EZZ)\,‘)\J'M;LUJX/T)@
"Hy: WTKab = -ELO Q}O = i=1 it el
6 4 9(X) =W X+ b =0 (OTiA] (OTiA)
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@ max Lp with respect to the \; subject to

2": Aw; =0
i=1

@ b from Karush-Kuhn-Tucker complementarity conditions:

)

OS/\,il—

/

i (w,-(WTX,- +b)—1 +g,-) — @
ig&i=T-X)§ =0
Xi with \; >0 — support vectors

Xiwith 0 < \j <7 =& =0 lies on a canonical hyperplane
at W (margin SV)

SVM SVMd SVMc mSVM nSVM

© max Lp with respect to the \; subject to

i )\,-w,- =x()
i=1

@ b from

1 T
b=——9 > wi— > AwXX
SV |iesv €SV jesv

QO W=)> icsyAiwiXi
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® 8
N\, 0 . ; :
\ ® ® @ dichotomic SVMs
. 9 o K (one-against-all)
\ X K(K—1) . - .
0 2 NS e —=— (one-against-one) 4 majority voting
. & N ®

linearly non-separable

linearly separable

(oTiA]
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@ K SVM discriminant functions

(oTiA]
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assign X to wj iff:
&i(X) = max{g;(X)}

SVvM SVMd SVMc mSVM nSVM

assign X to wj iff:
&i(X) = max {g(X)}

Solution: {(*W,*b), k=1,...,K} such that
W X +5b) — (WX +7b) > 1 VX cwehj#k

if possible (pairwise separable classes) min Zle kwT kw
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SVM SVMd SVMc mSVM nSVM SVM SVMd SVMc mSVM nSVM
Solution: {(KW,¥b), k=1,...,K} such that
- . . wi=1 w=-1
KW X; +%b) — (W' X; +7b) > 1 VX € wk Aj# k decision function:  g(X) = WTo(X)+ b
if possible (pairwise separable classes) min Zszl kw T kw assign X into w; iff:
( ) > 0 X— w1
g
no separable training data — + slack variables <0 X —=ws
minimize L = Zle kwT kw K> i & subject to
k T Ik g T ; .
(WX,'—I— b)—(JW X,'—I—Jb)Z].—f,' VX € wp Nj # k
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N Lo Classification:
/ T
max LD = maxX Z /\,‘ - = Z Z /\,-)\jw,wjm(X,-) ()(Xj)
T
i=1 2 i=1 j=1 g(X) = Z Aiwio(X) T o(X) + b
ieSy
n
0< )\ <c Z)\,’w,‘:O 1 T
= b=_— (2 wi= 2 AwioX) X))
SV Liesv €Sy jesy
W= Xwio(X)
iESY
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K(Xi, X;) = o(X)T¢(X;) — Lp,g(X)

g(X) =Y NwiK(X;,X)+ b
ieSY

© Haindl MI-ROZ - 12 11/1

K(Xi, Xj) = (X)) T 6(X;) — Lp,g(X)

g(X) = AwiK(X;, X)+b
ieSyY
Acceptable kernels must be expressible as an inner product in a
feature space (Mercer’s condition):

/ K(Xi, X)F(X)F(X)dXidX > 0
K(Xi, X) = K(X,X;)
Vf such [ f2(X)dX < oo e, K(X;, X) may be expanded as

K(Xi, X) = ZVjﬁgj(Xi)ng(X)

vj eigenvalues, ¢; eigenfunctions
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linear K(X;, X;) = X;" X;
for large training set

polynomial (homegeneous) K(X;, X;) = (vX;" X;)?
polynomial (inhomegeneous) K(X;, X;) = (vX;" X; + 1)¢
& K(Xi, Xj) = oo or K(Xj, Xj) =0

Radial Basis Function K(X;, X;) = exp(—v || X;" X; ||2)
X2
Gaussian RBF K(X;, Xj) = eXP(—”XQU)(;H )
0 < K(X;, X)) <1

sigmoid K (X;, X;) = tanh(7X;T X; + ¢)
© K(Xi, X;) not valid for some parameters

v > 0,c < 0, d kernel parameters
© Haindl MI-ROZ - 12 11/1
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Q K(X;, Xj) & its parameters selection

@ 7 selection (a compromise between trainee set error
minimalization and maximum tolerance range)

© Lp optimization (quadratic programming - interior point /
active set / simplex algorithm extension, etc.)

Q@ b from the SVs

© new X; classification

© Haindi MI-ROZ - 12 11/1
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& difficult good kernel selection, incorrect kernel 1 error

© high algorithm complexity and extensive memory
requirements

(oTiA]
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empirical risk minimization
to minimize the number of training patterns X;, w; where
w,-f(X,-)< 0

(wrong decision)

(oTiA]
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empirical risk minimization
to minimize the number of training patterns X;, w; where
wif(Xi)< 0 (wrong decision)

SVM — empirical risk minimization + confidence on a hyperplane

structural risk minimization
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SVM SVMd SVMc mSVM nSVM

empirical risk minimization
to minimize the number of training patterns X;, w; where
wif(X;)< 0 (wrong decision)

SVM — empirical risk minimization + confidence on a hyperplane

structural risk minimization
quantiﬁes both Underfitting (oversimplified model) and overfitting (excessively
complex model) degree
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classifier types

type 1 output 3! w;
e.g. SVM classifier

type 2 ranked list output (wj1,...,w;j k) for each gj«(X)
where wj 1 has the highest (w; x lowest) plausibility
e.g. multiclass SVM classifier

type 3 output V j classifier

gj.o(X) — [pj(w1), - -, pj(wi)]
e.g. Bayesian classifier

(oTiA]
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g.i(X)= ml?x{gj,k(X)} Vi=1,...,m
classifiers g1 e, - .., 8me combination
@ voting
@ Borda count o _
@ Bayes combination MRS SLS
assign X into wj iff
wj = majority{wi,,...,wWm,}
s i
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rj(wi) rank function (N, position of the class w; for the jth

classifier)
m

R(wi) =) ri(wi)

j=1

€ (m; mK)

Ramon Llull Blanquerna (novel - election of an abbess), 1283.
Nicholas of Cusa De Concordantia Catholica, 1433.

Jean-Charles de Borda Memoire sur les elections au scrutin. Histoire de I'Academie Royale des Sciences pour 1781
(Paris, 1784).

(oTiA]
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ri(w;) rank function (\, position of the class w; for the jth

classifier)
m
R@) =Y nw) € (mmK)
j=1
assign X into w; iff
Wi = min{R(wl), ey R(wK)}
(gTiA)
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7

assign X into w; iff
wi = min{R(w1),..., R(wk)}

n() = [1,5,4,2,3]
ra(.) [5,1,3,2,4]
() = [5,3,1,4,2]
R(.) [6,13,10,12,4] =
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MCs
[

assign X into wj iff
P; = max{P1,..., Pk} where P; is a combined plausibility value

combination strategies:

max{p1(wi), .- ., pm(wi)}
= min{pi(wi),..., pm(wi)}

1 m
po Z pj(wi)
j=1

z:pz
|

~.

o
Il

o
Il
=
I
g
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