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Bayes Risk Upper Bound
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A B setseg. A={G,...,¢} A={-c<x—-y<d}
S space (universe) A,B C S, (; object
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ST

@ equality
A=0B iif ACBABCA
A={1,2,3} B={3,2,1}

@ sum (union) AuUB A+B

@ product (intersection)
ANnB AB
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ST

@ equality
A=B iff ACBABCA

@ sum (union) AUB A+B

A={1,2,3} B={3,45)
AUB ={1,2,3,4,5}

@ product (intersection)
ANnB AB
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ST

@ equality
A=B ifft ACBABCA
@ sum (union) AUB A+B

e product (intersection) A={1,2,3} B=1{3,4,5}

AN B ={3}
ANB AB
A, B appear simultaneously
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ST

@ equality
A=B iff ACBABCA

@ sum (union) AUB A+B

e product (intersection)
ANnB AB

e mutually exclusive sets
A={1,2,3} B=1{4,56}
iff ANB=10 A, B mutually exclusive
A1, ..., A, are mutually exclusive sets iff
ANA =0 Yij, i#j
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ST

e complement A= {1,2,3} B ={3,4,5}
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A=1{4,5} (S=AUB)
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ST

e complement A= {1,2,3} B={3,4,5}
A ]
=8, S=0,

e difference A\ B={1,2}
A-B,A\B
A-B=AB=A-AB
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ST

Associative
AU (BUC) (AuUB)UC
AN(BNC) = (AnB)NnC

Commutative
AUB = BUA

ANB = BNA
Distributive
AU(BNC) = (AuB)N(AU Q)
AN(BUC) = (ANB)U(ANCQ)
Identity
AUubd = A
ANS = A
Complement
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ST

Associative
Commutative
Distributive
Identity
Complement
AUA = S
ANA 0
Idempotent
AUA = A
ANA = A
Bound
AUS = S
R =

Absorption
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ST

Associative
Commutative
Distributive
Identity
Complement
Idempotent
Bound
Absorption

AU(ANB) = A
AN(AUB) = A

De Morgan A={1,2,3} B=1{3,4,5}

AUB = ANnB 0 ={4,5}n{1,2}
ANB = AUB {1,2,4,5} = {4,5} U {1,2}
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definitions:

o Classical (1654 Blaise Pascal, 1601 - 1665 Pierre de Fermat,
1812 Pierre-Simon Laplace)
(till 20th century - A priori definition as a ratio of favourable
to total number of alternatives.)

@ Axiomatic (measure, 1933 Andrey Nikolaevich Kolmogorov)
o Relative frequency (1936 Richard von Mieses)

@ Probability as a measure of belief (inductive reasoning)
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definitions:
o Classical (1654 Blaise Pascal, 1601 - 1665 Pierre de Fermat,
1812 Pierre-Simon Laplace)
@ Axiomatic (measure, 1933 Andrey Nikolaevich Kolmogorov)
@ Relative frequency (1936 Richard von Mieses)

@ Probability as a measure of belief (inductive reasoning)

Basic rules:

A, B events 0<P()<1

S space (certain event) P(S) =1,

() impossible event P(0)) =0,  P(A\B) = P(A) — P(AB)
A, B mutually exclusive events iff AN B = {),

ALA =& P(A)=1- P(A)
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N4 no of favourable outcomes
if A; Vi are disjoint
[ee] 9]
P(lJA) =D P(A)
i=1 i=1
1654 Blaise Pascal, 1812 Pierre-Simon Laplace Théorie analytique des probabilités
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P(A) is non-negative: P(A) >0
Probability of certain events equals 1: P(S) =1

If A and B are mutually exclusive, then:
P(AU B) = P(A)+ P(B)
(otherwise P(AU B) = P(A) + P(B) — P(AB)

Andrey N. Kolmogorov Grundbegriffe der Wahrscheilichkeitsrechnung. Springer, Berlin, 1933
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P(A) = lim ™A

n—oco n

na no of event A appearance

1936 Richard von Mieses
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P(A) = lim ™4

n—oo n

na no of event A appearance

S oo no. of experiments
© convergence not guaranteed (may fluctuate)

© randomness what is considered an identical
experiment

1936 Richard von Mieses
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@ The probability of future events is based on past events.

@ The basis of inference is the Bayes' theorem.
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given P(B) >0

P(AB)

P(AIB) = 5
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given P(B) >0

P(AB)

P(AIB) = o

Total Probability

A; Vi mutually exclusive events |J_; Ai =S8

P(B) = Z P(B|A:)P(Aj) = Z P(BA))
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given P(B) >0

P(AB)

P(AIB) = 57

Total Probability

A; Vi mutually exclusive events |J_; Ai =S8
n n
P(B) =Y _P(B|A)P(A)=>_ P(BA)
i=1 i=1
Independent Events
P(A, B) = P(A) P(B) def.
P(A| B) = P(A), P(A1,....A)) =[] P(A)
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likelihood x prior  P(B|A) P(A)
evidence B P(B)

P(A|B) =

1701 - 1761
1742 - elected Fellow of the Roya| SOCiety (1 mathematical, 1 theological work)
Thomas Bayes: An Essay Toward Solving a Problem in the Doctrine of Chances, 1764 (published posthumously,

soon forgotten)
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Proof:

P(AB)  P(AB)P(A) _ P(B|A)P(A)
P(B) — P(B)P(A) P(B)

P(A|B) =

1701 - 1761
1742 - elected Fe”OW Of the Royal SOCiety (1 mathematical, 1 theological work)

Thomas Bayes: An Essay Toward Solving a Problem in the Doctrine of Chances, 1764 (published posthumously,

soon forgotten)
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T
A; Vi mutually exclusive, positive events | J!_; A =S8

P(B|Ai)P(A)
Y1 P(BIA)P(A)

P(A;|B) =

£ 0L 1701 - 1761
1742 - elected Fellow of the Royal Society (1 mathematical, 1 theological work)

Thomas Bayes: An Essay Toward Solving a Problem in the Doctrine of Chances, 1764 (published posthumously,

soon forgotten)

© Haindl MI-ROZ - 02 11/44

X : ¢ — (real | complex) number  ( experiment outcome

distribution function of the r.v. X Fx(x) = P(X < x)

properties:
® F(—00)=0 F(+00)=1
@ nondecreasing function of x F(x1) < F(xp) for x1 < xo
e continuous from the right F(xT) = F(x)
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X : ¢ — (real | complex) number  ( experiment outcome

distribution function of the r.v. X Fx(x) = P(X < x)

density function

il
&)

Il
\x
==
~
~—
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properties:

@ nonnegativity f(x) >0
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X : ¢ — (real | complex) number  ( experiment outcome

distribution function of the r.v. X Fx(x) = P(X < x)

density function

fx) = dZ E(X)
F(x) = /X f(t)dt
expected value E{X} = [ xf(x)dx = [*_ xdF(x)
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moments fk = E{X*}

central moments pe = E {(X — E{X})*}

po = o variance (dispersion) o = \/li2 standard deviation
median X: F(%) <% F(x+0)>1
5 I X2 if n is odd;

(Xnj2 + Xnj241)/2, if n is even.
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Fx(x)=>;P(X =x;) Vi:x; <x (staircase form)

expected value E{X} =", x P(X = x;)
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Fx(x)=>;P(X=x;) Vi:x;<x (staircase form)

expected value E{X} =>".x P(X = x;)

Mixed Random Variable

Fx(x) discontinuous but not of a staircase form
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P(X<x, Z=2z)

Fx(x|z) = P(X < x|z) = P(2)

dF (x|z)

dx

f(x|z) =
total probability (3°7 P(z) =1)

Fx(x) = ZFX(X|Z:') P(zi)

conditional expected value

o0
E{X|z} = / x f(x|z) dx
—0o0
iterated law of expectation
E{Y} = Ex{E{Y|X}}
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‘

Y ={Yy,....Ya}

Fy(y) = P(Yi<yi,...,Yn<yn)

9"Fy(y)

fY(y) 8}/1,---,8)%

E{Y} = (E{Yl}""’E{Yn})

cov{Y;, i} = E{(Yi— E{Yi)(Y; — E{Y;})}
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Fy.(yi) = Fy(oo,...,00,yi,00,...)

o0 S a4
Fyi(y,') = / / / f(yl,...,yi_l,t,yi+1,...,yn)
—00 —oo0 J—o0
dyl, ey dy,',l dt dy,'+1, ey dy,,

fk(Yla---,Yk) = /Rk f()’lvn-,}/n)d)/k-i-l-'-dYn
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Gaussian N (p, X)
f(y) = n)y 25 e {50 - T - )

E{y}=n E{y-n)(y-m}==x
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Gaussian N (p, X)
() = ny HE oo { -3 - ) TE 0 - )

E{y} =p E{y-m)T(y-m}=1

2D density distribution
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Gaussian N (p, X)
() = @ny 2 e {30 - ) TE 0 - )

E{y}=n E{y-m)T(y-m=1

properties:
@ X regular, positive definite matrix
o if ¥ = diag{¥11,...,Xnn} thenyi,...,y, independent
eVyCy = yeN
@ V conditional distribution A

@ any lin. combination of y; N
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

Breast cancer is the most common type of
cancer among middle-aged women in most
developed countries.

A woman in her forties has a positive mammogram. What is the
probability of her breast cancer?
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

@ the probability that a woman in her forties will have breast
cancer
p(cancer) = 0.014
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@ the probability that a woman in her forties will have breast
cancer
p(cancer) = 0.014

@ the probability that if a woman has breast cancer, the
mammogram will detect it

p(mammo = & | cancer) = 0.75
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

@ the probability that a woman in her forties will have breast

cancer
p(cancer) = 0.014

@ the probability that if a woman has breast cancer, the
mammogram will detect it

p(mammo = @ | cancer) = 0.75

@ the probability that any random woman in her forties will have
a positive mammogram

p(mammo = &) = 0.11
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What is the probability of her breast cancer?

p(mammo = @ | cancer)p(cancer)
p(mammo = @)
0.75 x 0.014

= —— =0.09
0.11 >

p(cancer | mammo = @) =

10% probability
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

assumptions
@ a pattern belongs to class w; with a priori probability P;
Pi>0, YK P=1
@ pattern X is a random vector govern by a multivariable pdf
p(X|w;) when pattern X belongs to class w; i=1,...,K
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assumptions
@ a pattern belongs to class w; with a priori probability P;
Pi>0, YK P=1
@ pattern X is a random vector govern by a multivariable pdf
p(X|w;) when pattern X belongs to class w; i=1,...,K

Bayes Inference
Posterior Analysis

Bayes Decision (loss function)
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

& no observations, P(w;) i=1,...,K
or noninformative observation X  p(X|w;) = p(X|wj) Vi,j

decide w; if w; = arg max;{P(wj)}

K=2 P(wl) > P((.UQ)

roulette p(—winning a number) =
Sportka p(—winning 6 numbers) =1 — 0.00000715 =
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& no observations, P(w;) i=1,...,K
or noninformative observation X  p(X|w;) = p(X|wj) Vi, j

decide w; if w; = arg man{P(Wj)}

6 K=2 P(w1)= P(w2) P(error) = 50%
marry to be happy? p(divorce) =~ 0.5

newborn boy p(boy) = p(girl) =~ 0.5
tossing a fair coin p(head) = p(tail) = 0.5
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

#® equal priors  P(wj) = P(wj) VY i,j
decision based entirely on the likelihood of w; (p(X|w;))
with respect to X

assign X to wj if

P(wi|X) = max{p(X|w;)}
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

& observations — p(X|w;) state-conditional p.d. (likelihood)
P(wi) # Pwj) i=1,...,K

Bayes rule:

Likelihood * Prior — p(X|w;)P(w;)
Evidence = p(X)

P(wilX) =

K
p(X) = 3 p(X|wi) P(wr)
i=1

© Haindl MI-ROZ - 02 23/44




Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

© Haindl MI-ROZ - 02 24 /49

P(w1 | X), if chosen wo;

P(error | X) = { P(wz | X), if chosen ws.

P(error) = /OO P(error | x)p(x)dx

P*(error) = min{P(error)} — Vx \, P(error | x)

P(error | x) = min{P(w1 | x), P(w2 | x)}
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

assign X to wj if

P(wilX) = mv?X{P(Wj‘X)} = ”;/?X{P(Xle)P(wj)}

gi(X) = In p(X|wi) + In P(wj)
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14—
loss function (zero-one / symmetrical / delta)

cij = c(wilwy)

loss function is the loss incurred for accepting w;
when the true state is

loss matrix
1,1 2 ... C17K ()| e
Ck1 Ck2 --- CKK 11 ... 0

the conditional risk - the expected loss associated with &(X) = w;

K
R(wilX) = ZCiJP(Wj|X)

© Haindl MI-ROZ - 02 27/44




Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

overall risk - mean loss (average risk)

K
2= [ ReX)p00ax = [ 3 csp(Xk)Plax

Bayes decision rule - minimum error decision rule

z(wy) = n;iin{z}

wi

K
= min /SZC,-JP(wj|X)p(X)dX

K
= /Smin ZCiJP(wj|X)P(X) dX

Wi
i _] 1

_ [5 R(w*|X)p(X)dX
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ws = arg min{ R(w;| X)}
wj
optimal decision rule (alternative)

K ' o
R(wi | X) = ZC“W

=1

K
I%(w,- | X) = Z Cij p(X | w]) P(wj')
j=1

z(wy) —/Sé(w*|X) dX
Wy = arg r’r;iin{ﬁ(w,-|X)}
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

minimum conditional risk

minimum average risk — Bayes risk - minimum overall risk
z(wy)

minimum probability of classification error for zero-one loss
function

Bayes risk represents the best possible decision rule beyond which
it is impossible to go.

gi(X) = —R(wi|X)

5= {XIRG@i1X) = min (100}

pocog
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Bayes minimum of the maximum of the error probability K = 2

- the task is to design the classifier to perform well over a range of
prior probabilities (unpredictable / varies)
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayes minimum error:
eg = P(wz)/ p(X|W2)dX aF P(wl)/ p(X|w1)dX
51 52
= Pl | [ pxlen)ax — [ pxleaax| + [ plxiamax
S S1 S1
for fixed S1, S, (ég) — linear function of P(w1)

minimise: max{ég(0),ég(1)} —

min {max{ | pxiamjax. | p(Xlun)ax | }
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minimum:

/51 p(X|wa)dX = /52 p(X|w1)dX
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

K=2
minimize the worst (maximum possible) overall risk for any values
of the priors

z = /5 [C171p(X|wl)P(UJ1) ol C1,2p(X|w2)P(w2)] daX

ar / [C271P(X|W1)P(UJ1) Sl C272p(X|w2)P(w2)] daX
S5

© Haindl MI-ROZ - 02 32/49

z = /5 [Cl’]_p(X|wl)P(UJ1) + c172p(X|w2)P(w2)] dX
+ / [ca.1p(X|wr)P(w1) + c22p(X|iw2) P(w)] dX
S

P(LUQ) = 1 — P(wl)

1 = /Slp(xwl)dm [ pXlur)ax

S

for fixed S, 5, — z(P(w1))
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

= o2+ (c2— Cz,z)/ p(X|w2)dX

S1

+ P(wl) |:(C171 — C272) — (C271 — C171)/ p(X|w1)dX

So
- (C1_’2 - 62,2)/ p(X|W2)dX:|
S1
= [] for minimax solution,
© Haindl MI-ROZ - 02 32/49

z(P(w1)) = o2+ (c2— Cz,z)/s p(X|wa)dX
+  P(w1) {(Cl,l —p2)— (021 — C1,1)/S p(X|wy)dX

— (c2—p2) /;1 P(X|w2)dx}

0 = [] for minimax solution,

minimax risk

Zom = @2+ (c12— C2,2)/ p(X|w2)dX
S

= a1+ (01— C1,1)/ p(X|w1)dX
S

© Haindl MI-ROZ - 02 32/44

solid line

dashed line

solid red line

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

minimum Bayes error(P(w1))

for each fixed optimal boundary P(w1) value if the priors are then changed, the probability
of error will change as a linear function of P(error) = aP(w1) + b

decision boundary for the maximum Bayes error P(error) = ¢
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

optimal Bayesian usually performs better than minimax classifier
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

rejection class  wy
reject region S

© Haindl MI-ROZ - 02 33 /44

rejection class  wy
reject region  Sp

assume a constant loss for rejection cp; = ¢, Vi=1,....K
¢ rejection threshold

o Cj J 1 75 0
Cij= .
¢, otherwise
© Haindl MI-ROZ - 02 33/44

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

rejection class wyp
reject region Sy

}

Sy= {X|R(w;|X) = r{]inK R(wj| X), R(wilX) < c,}
=1,

So = {X | J:Tan R(wj| X) > C,}

K
R(wolX) =) cP(wjlX) = c
j=1

© Haindl MI-ROZ - 02 33 /44

K=2 XEN(M,‘,):) C,"J'ZI—(S,:,'
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

K=2 X € N(pi, X) cij =1-0;
ep(X|wi) < Plw2) 1—c¢,
o A
AT P w w: B
W= w2 ’f;;(TT;) < P(wf) T

wo otherwise

s
In pX|wr) _ (X - %(Ml + uz)) (i — )

p(X|w2)
1
Ho = {X P XTE M (i = p2) = S+ p2) T2 (1 — )
P(wg) Il = Cr> }
+In <
P(wl) Cr
© Haindl MI-ROZ - 02 34 /44

@ minimum-risk decision rule K =2
assign X to wy if

R(w1]X) < R(w2|X)

(C271 = C1,1) P(W1|X) > (C1,2 = C272) P(w2|X)

(c21—c11) >0, (c12—2) >0 — the more likely class
@ likelihood ratio (1 > ¢1,1 assumed) K =2
assign X to wy if

p(X|w1) = (c12 — @2,2)P(w2)
p(X|w2) = (e2,1 — c1,1)P(wi)
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

@ minimum probability of error
zero-one (symmetrical) loss function, mean loss z — P(error)

© &=
Cij=
J 1 otherwise

R(wilX) =) P(wjlX) = 1= P(wi|X) i=1,...,K
J#i
conditional risk reduces to the conditional probability of
classification error

minimum conditional error probability

S = gin (BePOl =L g (Pl
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Bayes rule
W (X) = {fw if e*(X) = R(w;|X) < ¢

wo if e¥(X)> ¢

or

*(X) wj If P(w,-|X) = maxj=1,...K P(OJJ'|X) >1—c
w =
wo If max;—=1,... K P(wj|X) <l—-c¢

K—-1

<1-— P(wilX) <
0< T (wjlX) <

thus
K-1
K

© Haindl MI-ROZ - 02 37/44

0<c<




Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criter

Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule Minimax Criteri

acceptance region S, = UJK:;l S; j#0

the classification error probability for w*(X) = w;

reject region Sp
acceptance probability for a pattern X for the decision w*(X) = w; Pi(error) = / e*(X)p(X)dX =1 — / max p(X | wj)P(w;j)dX
i ST
Al = / p(X)dX the overall probability of error (error rate)
Si
K
the overall acceptance rate (acceptance probability) P(error) = Z Pj(error)
K g1
A=) A
j=1 Bayes rule for minimum error rate

assign X to wj if

reject rate
P(wilX) = max{P(w;|X)}
J

R = /So p(X)dX
gi(X) = P(wi|X)
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g(X) = P(w1]X) — P(w2|X) K=2
g(X) = P(w1|X) — P(w2|X) K=2
o p(X|w1) o P(w1) _
g(X) =1 g (Xln) +1 E Blw) K=2

w1 if P(wl‘X)Zl—Cr
O(X) =< wy if P(wa|X)>1—¢

wg otherwise

N~

0<ca<
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P
probability of error
e K=2
P(wi1|X) if we decide wo

P(error|X) =
( 1X) {P(w2|X) if we decide wy
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P
average probability of error

P(error):/ P(error,X)dX:/ P(error| X)p(X)dX

—0

K=2

P(error) = P(X € Sz,w1)+P(X € S1,w2) = P(X € Splwi)P(w1)+

P(X € 51|w2)P(w2) :/ p(X|w1)P(w1)dX+/ p(X|UJ2)P(UJ2)dX

52 51

P(error) = P(w1) — /S (P(w1]|X) = P(w2|X))p(X)dX
1

minimized error iff S1, S, chosen to be:

S1: P(wi|X) > P(w2|X)

S P(W2|X) > P(W1|X)
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P
average probability of error

P(error) = /OO P(error, X)dX = /00 P(error| X)p(X)dX

el ) == OC)

K=2

P(error) = P(X € Sp,w1)+P(X € S1,wz) = P(X € Sp|w1)P(w1)+

P(X € Silwn)P(ws) = /5 p(X|wr1)P(wr)dX+ /S p(X|w2) P(w2)dX
K>?2

K K
P(correct) = Z P(X € Sj,w;) = Z/ p(X|w;)P(w;)dX
i=1 i=175i
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P
average probability of error

P(error) —/ P(error, X)dX :/ P(error| X)p(X)dX

—00

K=2

P(error) = P(X € Sp,w1)+P(X € S1,w2) = P(X € Sp|w1)P(w1)+

P(X € 51|w2)P(w2) :/5 p(X|w1)P(w1)dX+/s p(X|UJ2)P(UJ2)dX
K>?2 ’ '

K K
P(correct) = > P(X € Sj,wi) =Y / p(X|w;)P(w;)dX
= i=1 75

P(error) = 1 — P(correct)
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average probability of error

P(error) = /oo P(error, X)dX = /oo P(error|X)p(X)dX

—00 —00

K=2
P(error) = P(X S 52,w1)+P(X € 51,&)2) = P(X S 52’0.)1)/3(&)1)4-

P(X € S1|w2)P(w2) :/5 p(X\wl)P(wl)dX—F/S p(X|w2)P(w2)dX
K>?2 ’ '

K K
P(correct) =3 P(X € Spw) =Y / p(X|wr) P(w;)dX
i=1 =175

Bayes decision rule , no other
partitioning can have a smaller P(error)
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e*(X) < ¢

Pi( error) = / e*(X)p(X)dX < ¢ /5 | p(X)dX = ¢ A

K K
P( error) = Z Pi( error) < z & Al =g /E) < @
i=1 i=1

P(error) < ¢,

® the rejection threshold is the upper bound for the error rate
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2wty c) = /S R(w* | X) p(X) dX

_ / R(w* | X) p(X) dX + / ¢ p(X) dX
S, So

= P*(error,c;) + ¢ R*(c/)

Z(W*v Cr) <c A(Cr) +cr R*(Cf) =Cr

z(w*,¢) < ¢

® ¢, is the upper bound for the Bayes risk
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Bayes rule prior dependence - possibly very complex
for fixed S; the Bayes risk is a linear function of P(w;)

K
z= ; P(w;) /S,- p(X|wi)dX

z dep. on P(w;) implicitly through the acceptance regions S;
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Bayes rule prior dependence - possibly very complex
for fixed S; the Bayes risk is a linear function of P(w;)

Z_ZP(w, / p(X|wi)dX

z dep. on P(wj) |mpI|C|tIy through the acceptance regions S;

Prior selection
@ missing prior information - uniform priors

1

Bayesian classifier — ML classifier

@ prior information
e another classification result
e type of data (e.g. agricultural scene)
e additional information (maps, time, weather reports, norms,
etc.)
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X discrete, i.e. X € {vi,...,vp}, [ = D
Bayes rule:
PSPl

K
p(X) = ZP(X|Wi)P(Wi)

8i(X) = In p(X|wi) + In P(wj)

decision rule is unchanged
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X = [x1,...,x] independent binary features x; € {0,1}, K =2

pi = P(xi = 1|w1) gi = P(xi = 1{w»)
assuming conditional independence:
P(Xlw1) = H (- p)t

P(X|w2) = qu’(l—qj)kxf
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X = [x1,...,x] independent binary features x; € {0,1}, K =2

pPi = P(X,' = 1|w1) qi = P(X,' = 1|UJ2)
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Bayesian Decision Theory Posterior Analysis Bayes Minimum Risk Rule

Minimax Criter

X = [x1,...,x] independent binary features x; € {0,1}, K =2

pi = P(X,' = 1‘0)1) qi = 'D(Xi = 1|w2)

linear discriminant function (w; if g(X) > 0), decision surface
hyperplane

/
pi 1—pi P(w1)
X) = g Pl (1 — x) | |
g(X) Z[X og .+ (1= x)log T— +log 5)
Jj=1
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I
g(X) = wixi + wo
=

pi = qi = w; =0 x; gives no information
pi > qi = w; >0 x; =1 contributes w; votes for w;
pi < qi = w; <0 x; =1 contributes w; votes for wy

P(w1) x bias to w;
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http://ro.utia.cz
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